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Who are we?

We are the developers of the MDH+ATF+HCA approach:

Ari Rasch

Richard Schulze

A holistic approach to code generation (MDH) & optimization (ATF) & execution (HCA): 

(1) MDH (Multi-Dimensional Homomorphisms): How to generate automatically 
optimizable (auto-tunable) code? 

(2) ATF (Auto-Tuning Framework): How to optimize (auto-tune) code? 

(3) HCA (Host Code Abstraction): How to execute code on (distr.) multi-dev. systems?

High-Level 
Program Abstraction

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

(1)
Generation
[PACT’19, 
IJPP’18]

Generic 
Program Code

(3)
Execution
[JOS’19, 

ICPADS’18]

Architectures &  
Data Characteristics

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

(2)
Optimization

[TACO’21, CCPE’19, 
HPCC’17]

Executable 
Program Code

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

…

MDH ATF HCA<latexit sha1_base64="oWMKSGaMFQ+D0qRY6hNkuMfKZ5k="></latexit>

md hom(f, (�1, . . . ,�D) )
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State-of-the-art architectures rely on deep core & memory hierarchies:
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Hierarchical Optimizations are required  
to achieve the full performance potential of architectures 



Observation

• Modern high performance compilers include:  
TVM, Halide, … 

• These compilers efficiently target modern 
architectures, by allowing expert users to 
explicitly express code optimizations in form 
of so-called scheduling programs  

• Flaw: the existing scheduling languages usually 
rely on a vast set of low-level commands, and 
the commands have to be combined in complex 
ways to achieve high performance

4

We introduce a new scheduling language for 
expressing code optimizations in a 

structured, hierarchical way
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and md_hom combines afterwards the obtained results (multi-
plied pairs) in dimensions 1 and 2 via ++ (concatenation), and
in dimension 3 via + (addition). Pattern out_view speci�es
MatMul’s access to its output matrix. The access is trivial
in this example, but out_view could potentially be used to
store MatMul’s result matrix as, e.g., transposed (by replac-
ing access "(i,j,k)7!(i,j)" with "(i,j,k)7!(j,i)") or
in a stride fashion (by using "(i,j,k)7!(i*s1,j*s2)", for
strides s1,s22 N ), etc.
Based on the expression in Listing 2, the existing MDH

approach fully automatically generates executable program
code (steps 2� and 3� in Figure 1), e.g., in CUDA for GPUs
or OpenCL for CPUs. The MDH’s code generation process
(step 2�) is based on tuning parameters; the parameters en-
able automatically determining well-performing optimiza-
tions for the particular target architecture and characteristics
of the input and output data (e.g., data’s size and memory
layout), based on auto-tuning [38]. For example, MDH al-
lows to auto-tune the sizes of tiles and numbers of threads,
but also more complex optimizations, like determining an
optimized memory access pattern. We discuss the MDH’s
optimization space in detail in Section 5.

4 State-of-the-Art Scheduling Languages
Existing scheduling languages operate on a low abstraction
level: they o�er primitives, like tile and bind, to express
�ne-grained code optimizations. Thereby, the existing lan-
guages are expressive, but also complex and error-prone for
the user, as the primitives have to be combined in complex
ways to express well-performing optimizations.

Listing 3 shows an example schedule of the popular TVM
compiler (shortened and simpli�ed for brevity) generated us-
ing TVM’s recent Ansor optimization engine [47]. The TVM
schedule expresses optimization decisions for Matrix Multi-
plication (MatMul) in CUDA when computed on NVIDIA
A100 GPU for input matrices taken from the real-world
ResNet-50 neural network. We observe that the TVM sched-
ule consists of many primitives. In lines 2-6 the primitives
express that CUDA’s fast register memory should be used for
storing intermediate results of the computed C output matrix.
For this, the computation of the C matrix is de-composed
using multiple times primitive split (lines 4 and 5) and re-
ordered (line 6). Similarly, the schedule expresses using fast
shared memory for the A and B input matrices (lines 23-32).
Lines 11-15 prescribe a basic loop structure in which the
copy operations for matrices to/from fast memory resources
are inserted (lines 15, 29, 32).

Listing 4 shows for completeness how MatMul is expressed
in TVM’s high-level program representation. Based on this
representation in Listing 4 and the scheduling program in
Listing 3, TVM generates executable CUDA code for MatMul
that is optimized according to the optimization decisions
expressed in Listing 3. The TVM high-level representation

(Listing 4) is agnostic from hardware and optimization de-
tails; thus, it operates on the same, high abstraction level as
the MDH program in Listing 2.

1 # exploiting fast memory resources for �C�:
2 matmul_local , = s.cache_write ([ matmul], �local�

)
3 matmul_1 , matmul_2 , matmul_3 = tuple(

matmul_local.op.axis) + tuple(matmul_local.
op.reduce_axis)

4 SHR_1 , REG_1 = s[matmul_local ]. split(matmul_1 ,
factor =1)

5 # 9 further split commands
6 s[matmul_local ]. reorder(BLK_1 , BLK_2 , DEV_1 ,

DEV_2 , THR_1 , THR_2 , DEV_3 , SHR_3 , SHR_1 ,
SHR_2 , REG_3 , REG_1 , REG_2)

7
8 # ... (loop unrolling)
9
10 # tiling:
11 matmul_1 , matmul_2 , matmul_3 = tuple(matmul.op.

axis) + tuple(matmul.op.reduce_axis)
12 THR_1 , SHR_REG_1 = s[matmul ]. split(matmul_1 ,

factor =1)
13 # 5 further split commands
14 s[matmul ]. reorder(BLK_1 , BLK_2 , DEV_1 , DEV_2 ,

THR_1 , THR_2 , SHR_REG_1 , SHR_REG_2)
15 s[matmul_local ]. compute_at(s[matmul], THR_2)
16
17 # block/thread assignments:
18 BLK_fused = s[matmul ].fuse(BLK_1 , BLK_2)
19 s[matmul ].bind(BLK_fused , te.thread_axis(�

blockIdx.x�))
20 # ... (similar to lines 18 and 19)
21
22 # exploiting fast memory resources for �A�:
23 A_shared = s.cache_read(A, �shared�, [

matmul_local ])
24 A_shared_ax0 , A_shared_ax1 = tuple(A_shared.op.

axis)
25 A_shared_ax0_ax1_fused = s[A_shared ].fuse(

A_shared_ax0 , A_shared_ax1)
26 A_shared_ax0_ax1_fused_o ,

A_shared_ax0_ax1_fused_i = s[A_shared ].
split(A_shared_ax0_ax1_fused , factor =1)

27 s[A_shared ]. vectorize(A_shared_ax0_ax1_fused_i)
28 # ...
29 s[A_shared ]. compute_at(s[matmul_local], DEV_3)
30
31 # exploiting fast memory resources for �B�:
32 # ... (analogous to lines 23 � 29)

Listing 3. TVM+Ansor schedule (shortened for brevity)
for Matrix Multiplication as used in ResNet-50 network
on NVIDIA Ampere GPU

Our approach frees the user from the burden of using
special representations as in Listings 4 and 2: we take as input
straightforward, annotated program code in the well-known
C programming language (Listing 1) in which we consider
programming to be easier than in special representations.

3

Contribution of this work:
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User

MDH-Based 
Schedule High-Level 

Program Abstraction
__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

(1)
Generation
[PACT’19, 
IJPP’18]

Generic 
Program Code

(3)
Execution
[JOS’19, 

ICPADS’18]

Architectures &  
Data Characteristics

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

(2)
Optimization

[TACO’21, CCPE’19, 
HPCC’17]

Executable 
Program Code

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

…

MDH ATF HCA
<latexit sha1_base64="oWMKSGaMFQ+D0qRY6hNkuMfKZ5k="></latexit>

md hom(f, (�1, . . . ,�D) )Sequential 
C Code

(0)
md_poly

[IMPACT’21]

1. Better Optimization: an auto-tuning system might not always make the same high-quality decisions 
as an expert user


2. Faster Auto-Tuning: as some (or even all) optimization decisions are made by the expert user and thus 
not left to the auto-tuning system

In this work:

We extend the existing MDH pipeline, by allowing expert users  
to explicitly express some/all optimizations  

via MDH-Based Schedules

Advantages:



Excursion: The MDH Approach

6

• inp_view: specifies types and accesses to input data  

• md_hom: specifies computations  

• out_view: specifies types and accesses to output data 

What’s happening:

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

Conference acronym ’XX, June 03–05, 2018, Woodstock, NY Anon.

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

220

MDH 
Representation

Auto-Tunable 
Code

GPU-Tuned 
Code

MDH-CG [36]
ATF [38]

CPU-Tuned 
Code

ATF [38]

CPU

GPU
HCA [34]

HCA [34]

md_poly [37]Sequential 
C Code

MDH-Based 
Schedule

User ɠ ɡ
 ɢ 

ɣ 

(This Paper)

Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++,++ ,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++ ,++,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,

2
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++,++ ,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++ ,++,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,

2
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++,++ ,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++ ,++,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,

2
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++,++ ,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++ ,++,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,

2
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++,++ ,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,
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Figure 1. Overview of our approach (contribution of this paper highlighted in bold)

scheduling languages. We introduce our new scheduling lan-
guage in Section 5 and experimentally evaluate our approach
in Section 6. Section 7 discusses related work, and Section 8
concludes our paper.

2 Overview
Figure 1 shows the overview of our approach. The origi-
nal work on MDHs, without the contributions of this paper,
takes as input a sequential C program consisting of a per-
fect loop nest with static loop bounds (possibly annotated
with an optional, OpenMP-like directive that enables ad-
vanced optimization); an example input for our approach is
presented in Listing 1 and discussed later in Section 5. The
loop nest is transformed in step 1� to an equivalent MDH
representation, using the md_poly compiler [37]. Based on
program’s MDH representation, the original MDH work au-
tomatically generates auto-tunable code1 in step 2� using
the MDH’s Code Generator (CG) [36]; the generated code
is then auto-tuned in step 3� to optimized executable code
(e.g., in CUDA or OpenCL) using the Auto-Tuning Frame-
work (ATF) [38]. Finally, the auto-tuned code is executed
in step 4� on the target device (e.g., a GPU or CPU) using
the Host Code Abstraction (HCA) [34] approach – a high-
level library for programming host code which is required in
modern approaches, like CUDA and OpenCL, for program
execution (e.g., for managing data transfers between host
and device memory).

1 #pragma mdh( ++ , ++ , C[i][j]:+ )
2 for( int i = 0 ; i < I ; ++i )
3 for( int j = 0 ; j < J ; ++j )
4 for( int k = 0 ; k < K ; ++k )
5 C[i][j] += A[i][k] * B[k][j]

Listing 1. Matrix multiplication in C (annotated in line 1
with an optional MDH directive enabling advanced opti-
mizations)

In this paper, we extend the existing MDH work�ow in
Figure 1 by the part highlighted in bold in the �gure: we en-
able performance experts to incorporate expert knowledge
1 While code generation approaches often use auto-tuning for simple, nu-
merical values only (e.g., identifying optimized sizes of tiles and numbers
of threads), MDH uses auto-tuning also for more advanced optimizations,
e.g., identifying optimized data access patterns and exploiting fast memory
resources for input/output data [36].

about optimizations into the work�ow, viaMDH-based sched-
ules. Our schedules conveniently express MDH-supported
optimizations, e.g., exploiting fast memory resources and par-
allelization, in a structured, systematic way (discussed in the
next section). The expert’s decisions are then incorporated in
step 2� into the generated code, rather than generating the
code in step 2� as generic in these decisions and requesting
the decisions later in step 3� from the auto-tuner (as done
in the original MDH work).
By incorporating the user into the optimization process,

we enable both: 1) better optimization, as an auto-tuning
system might not always make the same high-quality opti-
mization decisions as a human expert; 2) faster auto-tuning,
as some (or even all) optimization decisions might be made
by the expert user and thus are not left for the auto-tuner.

3 The MDH Approach
We demonstrate the existing MDH formalism by expressing
and discussing the example ofMatrixMultiplication (MatMul).

1 MatMul <Type T | int I,J,K> :=

2 out_view <T>( C:(i,j,k)->(i,j) ) o

3 md_hom <I,J,K>( *, (++ ,++,+) ) o

4 inp_view <T,T>( A:(i,j,k)->(i,k) ,

5 B:(i,j,k)->(k,j) )

Listing 2. Matrix Multiplication (MatMul) expressed in
the MDH formalism

Listing 2 shows how MatMul is expressed in MDH – we de-
rive such MDH expressions automatically for the user from
straightforward, annotated C code (Listing 1), according to
step 1� in Figure 1. In Listing 2, we �rst fuse the domain-
speci�c input of MatMul – two matrices A2TI⇥K and B2TK⇥J
both of type T (e.g., T=float) – to a 3-dimensional array of
pairs (A[i,k],B[k,j]) 2 T ⇥ T. For this, we use MDH’s
higher-order function (a.k.a skeleton or pattern in program-
ming [16]) inp_view which the MDH formalism provides to
specify the accesses to input data (two input matrices in case
of MatMul). Higher-order function md_hom speci�es the ba-
sic computation part of computations: for our MatMul exam-
ple, after fusing MatMuls’s two input matrices via inp_view,
function md_hom applies MatMul’s scalar function * (multi-
plication) to each pair within the output array of inp_view,

2

We use this representation in this work  
which is simpler for most users

Example:  Matrix Multiplication (MatMul)
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.

4

• We discuss our primitive using the example Matrix 
Multiplication:
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5

8

Initialization (optional): 

- the initial iteration space has a size of 16,1000,2048 

- Input/Output matrices A,B / C are stored in CUDA’s 
Device Memory (DM) 

- computation is performed by a GPU
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.

4

• We discuss our primitive using the example Matrix 
Multiplication:
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5

9

Block Parallelization: 

- iteration space is split in tiles of size 
8,20,2048 

- no memory optimizations 

- each tile is computed by a CUDA Block (BLK)
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.
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• We discuss our primitive using the example Matrix 
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5

10

Classical Tiling: 

- iteration space is split in tiles of size 
4,20,2048 

- no memory optimizations 

- no parallelization 
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5

11

Thread Parallelization: 

- iteration space is split in tiles of size 
1,1,2048 

- no memory optimizations 

- each tile is computed by a CUDA Thread (THR)
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.

4

• We discuss our primitive using the example Matrix 
Multiplication:
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5

12

Memory Optimization: 

- iteration space is split in tiles of size 1,1,256 

- input stored in CUDA Shared Memory (SHR); output 
in CUDA Register Memory (RM) 

- no parallelization
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.
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• We discuss our primitive using the example Matrix 
Multiplication:
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5
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Classical Tiling: 

- iteration space is split in tiles of size  
1,1,2 

- no memory optimizations 

- no parallelization 
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.

4

• We discuss our primitive using the example Matrix 
Multiplication:
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• We allow expert users to express optimizations via MDH-

Based Schedules 

• Our language consists of exactly one primitive which has 
the following basic structure: 
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loop makes 8/4 = 2 iterations), the second loop over tiles
in the second dimension (one iteration), and third loop over
tiles in the third dimension (one iteration). Consequently,
this (de-)composition step in lines 13-15 expresses a classical
loop tiling optimization. Annotation 6: in line 13 expresses
that in our generated code (discussed in Section 5.3), the
loop nest for iterating over the (8 ⇥ 20 ⇥ 2048)-sized tiles is
generated after loops for steps 1-5 in lines 8-10 and 18-36,
i.e., at the innermost loop level.

Thread Parallelization (lines 18-20). Each tile of the
previous step is again split in tiles of size 1⇥ 1⇥ 2048, which
are computed in parallel by CUDA Threads (THR) (using again
a non-standard swizzle pattern).

Shared & Register Memory Utilization (lines 23-26).
Each of the (1 ⇥ 1 ⇥ 2048)-sized tiles of the previous step is
split into further tiles of size 1⇥1⇥256; for each of the new (1⇥
1⇥256)-sized tiles, the corresponding parts of input matrices
A and B are accessed in CUDA’s Shared Memory (SM) (data
copies are performed in the generated code), and the part
of the C output matrix that corresponds to the cached parts
of A and B is computed in Register Memory (RM). According
to line 26, the tiles are processed sequentially, via a 3-level
for-loop nest; in contrast to loops generated according to
line 15, the loops according to line 26 are permuted: the �rst
loop in the nest iterates over tiles in the last dimension (a.k.a.
k-dimension in the context of MatMul), and the other two
loops iterate over the �rst and second tile dimension (this is
a typical locality optimization3 for MatMul [28]).

Tiling (lines 29-31 and lines 34-36). Classical tiling is
expressed (similarly to lines 13-15).

5.2 Targeting Di�erent Programming Models
While Section 5.1 presents our scheduling language for ex-
pressing CUDA optimizations, our language can be used for
targeting also other kinds of programming models, such as
OpenMP for CPUs and OpenCL for multiple kinds of archi-
tectures, which rely on deeper/shallower memory and core
hierarchies. For example, OpenCL is very similar to CUDA
but it has no notion of warps4 which allow combining the
results of threads in fast register memory via so-called shuf-
�e operations [29] (automatically generated into our CUDA
code, transparently from the user).
Currently, our implementation supports programming

models CUDA, OpenCL, and OpenMP.

3 In this particular example, the permutation has no e�ect on performance,
because two loops in the nest make only iteration. We express this permu-
tation in Listing 5 to be consistent with the TVM schedule in Listing 3.
4 Warps (WRP) represent a further thread layer in CUDA and can be used in
our language the same as BLK and THR in Listing 6. Layer WRP is not used
in Listing 6, according to the TVM schedule in Listing 3 which does not
exploit warp-level optimizations, e.g., shu�e operations [29].

1 // initialization
2 0: (de -)comp( 16 ,1000 ,2048 )
3 ( A:DM[1,2],B:DM[1,2] ;
4 C:DM[1,2] )
5 ( GPU.y,GPU.x,GPU.z )
6
7 // parallelization over CUDA Blocks
8 1: (de -)comp( 8,20,^ )
9 ( ^,^ ; ^ )
10 ( BLK.y,BLK.x,BLK.z )
11
12 // tiling 1
13 6: (de -)comp( 4,^,^ )
14 ( ^,^ ; ^ )
15 ( FOR.1,FOR.2,FOR.3 )
16
17 // parallelization over CUDA Threads
18 2: (de -)comp( 1,1,^ )
19 ( ^,^ ; ^ )
20 ( THR.y,THR.x,THR.z )
21
22 // using CUDA Shared & Register memory
23 3: (de -)comp( ^,^,256 )
24 ( A:SM[1,2],B:SM[1,2] ;
25 C:RM[1,2] )
26 ( FOR.2,FOR.3,FOR.1 )
27
28 // tiling 2
29 4: (de -)comp( ^,^,2 )
30 ( ^,^ ; ^ )
31 ( ^,^,^ )
32
33 // tiling 3
34 5: (de -)comp( ^,^,1 )
35 ( ^,^ ; ^ )
36 ( ^,^,^ )

Listing 5. MDH-based schedule for optimizing matrix
multiplication on NVIDIA A100 GPU according to the
optimization decisions of TVM+Ansor in Listing 3

5.3 Code Generation
Listing 6 shows as pseudocode the CUDA program that we
generate according to the optimization decisions in List-
ing 5. Each (de-)composition step in Listing 5 corresponds
to a part of a deep loop nest in the pseudocode (lines 2-
31). Copy operations, e.g. from global memory to shared
memory, are inserted at the corresponding positions in the
pseudocode (lines 16 and 44). Bu�ers are accessed via indices
i_l_d (lines 33-40) where l and d indicate the accessed tile’s
corresponding layer and dimension; functions idx_XXX_XXX
straightforwardly �atten the index space, e.g.:

idx_REG_1(i_2_1 ,i_4_1 ,i_5_1 ,i_6_1) =

i_2_1 * (I_4_1*I_5_1*I_6_1) +

i_4_1 * (I_5_1*I_6_1) +

i_5_1 * (I_6_1) +

i_6_1

5
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Classical Tiling: 

- iteration space is split in tiles of size  
1,1,1 

- no memory optimizations 

- no parallelization 
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1 I, J, K = 16, 1000, 2048
2
3 A = te.placeholder ((I, K), dtype=�float32 �)
4 B = te.placeholder ((K, J), dtype=�float32 �)
5
6 k = te.reduce_axis ((0, K))
7 C = te.compute(
8 (I, J),
9 lambda i, j:
10 te.sum(A[i, k] * B[k, j], axis=k)
11 )

Listing 4.Matrix multiplication expressed in TVM’s high-
level program representation

5 MDH-Based Schedules
This section introduces and discusses our MDH-based sched-
uling language. In Section 5.1, we illustrate our language
design using a CUDA example, and we show in Section 5.2
how our language is used for programming approaches dif-
ferent from CUDA. Section 5.3 outlines our code generation
(e.g., in CUDA or OpenCL), and Section 5.4 discusses the
formal correctness of our approach. Section 5.5 shows how
auto-tuning is used in our language, and Section 5.6 demon-
strates how our scheduling programs can be visualized and
also be generated from visual inputs.

5.1 Language Design
We illustrate our MDH-based scheduling language by show-
ing how it is used for expressing the particular optimization
decisions of the deep-learning compiler TVM in Listing 3
for matrix multiplication. To express matrix multiplication
in our approach, we provide to our compiler: 1) a schedul-
ing program, and 2) a straightforward C implementation of
MatMul (Listing 1); the implementation is optionally anno-
tated with an OpenMP-like MDH directive in line 1 which en-
ables advanced optimizations, e.g., parallelizing loops whose
iterations depend on each other (as in line 4 of Listing 1).
The directive indicates that intermediate results computed
by iterations of the �rst two loops (in lines 2 and 3) are
combined straightforwardly (via symbol ++ which denotes
concatenation in the MDH formalism) and that iterations of
the third loop (line 4) are combined non-trivially via addi-
tion (symbol +).
Listing 5 shows the program in our scheduling language

that is equivalent to the TVM schedule in Listing 3, i.e., we
generate from Listings 5 and 1 the same CUDA code as TVM
generates from Listings 3 and 4 (apart from some minor
syntactical di�erences) for matrix multiplication on NVIDIA
A100 GPU using ResNet-50 input matrices.

Our language consists of exactly one primitive, namely
(de-)comp; we use the primitive to split the computation
(in this example MatMul) systematically into smaller sub-
problems that we assign to the memory and core hierarchies
of the target architecture.

Our primitive has the following, general structure:
(de -)comp( /* sub -problem size */ )

( /* memory hierarchy assignments */ )

( /* core hierarchy assignments */ )

We describe our primitive in the following by showing
how it is used for successively (de-)composing MatMul for
the GPU’s core and memory hierarchies, in 6 steps accord-
ing to Listing 5: lines 7-10 (step 1), lines 12-15 (step 2), etc.
Lines 1-5 in Listing 5 are optional in our approach and serve
for completeness only; they indicate that: a) our iteration
space has initially a size of (I,J,K):= (16,1000,2048),
according to the ResNet-50 input matrices which are of sizes
(I,K) = 16x2048 and (K,J) = 2048x1000; b) the input and
output matrices are read/written from/to CUDA’s device
memory (DM) in CUDA and that matrices use a standard
memory layout (indicated via [1,2] in lines 3 and 4); c) the
computation (a.k.a. kernel in CUDA) is performed by a GPU.
Low-level code optimizations (loop unrolling, constant sub-
stitution, etc) currently are implicit in our approach to keep
our language simple, because these optimization often do not
need to be explicitly controlled to achieve high performance,
as we con�rm in our experiments later. We perform low-level
optimizations automatically based on simple heuristics.

Block Parallelization (lines 8-10). The computation is
split into tiles of size 8 ⇥ 20 ⇥ 2048 (line 8), i.e., (16/8) ⇤
(1000/20) ⇤ (2048/2048) = 2 ⇤ 50 ⇤ 1 many tiles. Symbol ˆ
(a.k.a. caret) is used in line 8 for convenience: it indicates
that the tile size of the previous step is re-used in the last
dimension (i.e., this dimension is not tiled), and in line 9 that
the memory regions of bu�ers are re-used, i.e., no memory
optimizations are performed in this (de-)composition step.
Line 10 indicates that we iterate over tiles in parallel, using
CUDA Blocks (BLK). Here, a non-standard swizzle pattern [32]
is used, i.e., we use CUDA’s block dimension x to iterate
over tiles in the second tile dimension (i.e., 50 CUDA blocks
are started in x dimension), and dimension y for iterating
over tiles in the �rst dimension (2 CUDA blocks started in
y dimension); the standard swizzle pattern would be using
block dimension x for the �rst tile dimension and block
dimension y for the second.

Tiling (lines 13-15). Each of the (8 ⇥ 20 ⇥ 2048)-sized
tiles of the previous step is split into further tiles of size
4 ⇥ 20 ⇥ 2048 (only the �rst dimension is tiled). No memory
optimizations are performed in this (de-)composition step
(indicated by caret symbols in line 14), and the tiles are pro-
cessed sequentially, using a 3-level for-loop nest2; numbers
.1/.2/.3 in line 15 prescribe the order of loops in our gener-
ated code (discussed in detail in Section 5.3): the �rst loop
in the nest iterates over tiles in the �rst dimension (i.e., the

2 CUDA o�ers blocks (BLK) and threads (THR) to iterate over multi-
dimensional index spaces in parallel, and it uses nested for-loops (FOR)
for iterating over spaces sequentially.

4

• We discuss our primitive using the example Matrix 
Multiplication:
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• Our language can be used analogously also for other programming models: OpenMP for CPU, 
OpenCL for multiple kinds of architectures, …


• We formally guarantee correctness of our scheduling programs, by checking the formal constraints 
defined by the MDH formalism


• Our language is designed such that each optimization decision can alternatively be auto-tuned — the 
user uses symbol “?”, rather than a particular optimization value:

15

Further Features:

(de-)comp( 32,32,32 ) 
         ( A:SM[1,2] , B:SM[1,2] ;  
           C:RM[1,2]             ) 
         ( BLK.x , BLK.y , BLK.z )

No  
tuning

(de-)comp( ?,?,? ) 
         ( A:SM[1,2] , B:SM[1,2] ;  
           C:RM[1,2]             ) 
         ( BLK.x , BLK.y , BLK.z )

tile size  
tuning 

(de-)comp( ?,?,? ) 
         ( A:SM[1,2] , B:SM[1,2] ;  
           C:RM[1,2]             ) 
         ( ?.? , ?.? , ?.? )

tile size & parallelization  
tuning

(de-)comp( ?,?,? ) 
         ( A:?[1,2] , B:?[1,2] ;  
           C:?[1,2]            ) 
         ( ?.? , ?.? , ?.? )

tile size & parallelization & memory region 
tuning

(de-)comp( ?,?,? ) 
         ( A:?[?,?] , B:?[?,?] ;  
           C:?[?,?]            ) 
         ( ?.? , ?.? , ?.? )

tile size & parallelization & memory region+layout 
tuning
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Schedule Visualization: our schedules can be visualized & also be generated from visual inputs
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Experimental Evaluation

• Speedup (higher is better)  
of our approach over TVM+Ansor 


• Our MDH Schedules are generated 
automatically by our system, based on 
auto-tuning


• We achieve the same and often higher 
performance than TVM+Ansor, for 
example, because our auto-tuner 
choses a better parallelization strategy 
or utilizes fast memory resources more 
efficiently


• We report speedups/slowdowns also 
for approaches optimized at the 
assembly level


• The better performance of assembly 
approaches is because our approach 
currently operates at the higher CUDA/
OpenCL abstraction level which offers 
less optimization opportunities  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Deep 
Learning

NVIDIA Ampere GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.00 1.26 1.05 2.22 1.00 1.42 1.00 1.14 1.00 1.00

NVIDIA cuDNN 0.92 - 1.85 - 1.22 - 1.94 - 1.81 2.14

NVIDIA cuBLAS - 1.58 - 2.67 - 0.93 - 1.04 - -

Deep 
Learning

NVIDIA Volta GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.00 1.21 1.00 1.79 1.00 1.11 1.06 1.00 1.00 1.00

NVIDIA cuDNN 1.21 - 1.29 - 2.80 - 3.50 - 2.32 3.14

NVIDIA cuBLAS - 1.33 - 1.14 - 1.09 - 1.04 - -

Deep 
Learning

Intel Broadwell CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.53 1.60 1.29 1.53 1.32 1.00 1.27 1.02 2.42 1.92

Intel oneDNN 1.30 - 1.81 - 2.94 - 2.85 - 1.83 4.47

Intel oneMKL - 1.45 - 1.36 - 1.35 - 0.50 - -

TVM+Ansor 
(LLVM)

1.45 1.35 1.06 0.72 1.63 0.85 0.98 0.79 1.14 0.52

Deep 
Learning

Intel Skylake CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.53 1.05 1.14 1.20 1.97 1.14 2.38 1.27 3.01 1.40

Intel oneDNN 0.39 - 5.07 - 1.22 - 9.01 - 1.05 4.20

Intel oneMKL - 0.44 - 1.09 - 0.88 - 0.53 - -

TVM+Ansor 
(LLVM)

1.20 0.67 0.90 0.26 1.42 0.76 0.66 0.76 0.56 0.36

Figure 3. Speedup (higher is better), of our approach over TVM+Ansor and vendor libraries for time-intensive deep learning
computations. Dash symbol indicates unsupported computations. Assembly-optimized approaches (currently beyond the
scope of our work) are separated by a straight line and are listed for completeness.

ResNet-50. In contrast, Ansor rigidly parallelizes the compu-
tations of outer tiles (lines 10 and 20); most likely because
binding parallelization to tiles cannot be expressed straight-
forwardly as auto-tunable in TVM’s scheduling language.
Also, for MatMul-like computations, Ansor always caches
parts of the input matrices in GPU’s shared memory, and it
computes these cached parts always in register memory. In
contrast, our auto-tuner has decided to not cache inputs into
fast memory resources for this particular MatMul example in
ResNet-50. For the MatMul example of ResNet-50’s training
phase, we achieve a positive speedup over TVM+Ansor, be-
cause our auto-tuner decided to store parts of input matrix

A as transposed into fast memory (by using in our sched-
uling program A[2,1] instead of A[1,2]). Storing parts of
the input/output data as transposed is not considered by
Ansor as optimization, because such optimization cannot be
expressed in TVM’s scheduling language [4]. Moreover, we
achieve a speedup over TVM+Ansor for MatMul as used in
training phase of the VGG-16 network: we start 64 CUDA
blocks for computing MatMul’s reduction dimension, while
TVM+Ansor uses 1 block only for this dimension, because
TVM cannot parallelize reductions via CUDA blocks [2].

Our positive speedups over TVM+Ansor for other experi-
ments are for similar reasons as discussed above.
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Case Study: “Deep Learning” (TVM’s favorable application class!)



Related Work

• Popular scheduling approaches include: TVM [OSDI’18], Halide [PLDI’13], Elevate 
[ICFP’20], DaCe [SC’19], Tiramisu [CGO’19], CUDA-CHiLL [TACO’13], Fireiron 
[PACT’20], Distal [PLDI’22], and LoopStack [arXiv’22] 

• All these approaches have in common that their scheduling languages rely on fine-grained low-level 
primitives which are expressive but complex to use, often even for experts


• Moreover, our language is designed such that each particular optimization decisions can alternatively be 
auto-tuned


• We see the following, further advantages of our approach over the related work:


• formal correctness guaranteed (via MDH formalism)


• more expressive: for example, Fireiron works well for data movements but has difficulties with loop-
level optimizations, while TVM works well for loop optimizations but not for data movements


• not restricted to narrow classes of computations and architectures: for example, Fireiron works 
only for matrix multiplication on NVIDIA GPUs

18



Conclusion & Future Work

• We introduce a new scheduling language, based on the approach of Multi-
Dimensional Homomorphisms (MDH)


• The goal of our language is to express (de-)compositions in a systematic, structured 
way to simplify the complex and error-prone optimization process for performance 
experts


• Correctness of optimizations is formally checked and guaranteed in our approach, 
backed by the MDH formalism


• We demonstrate that our language can express optimization decisions of the popular 
TVM compiler for deep learning computations (TVM’s favorable application class) and 
often even outperform TVM on these computations

19

Conclusion:

Future Work:

• Computations consisting of multiple loop nests (currently limited to individual nests)


• Target domain-specific hardware extensions, e.g., NVIDIA Tensor Cores 

• Target further models, e.g., LLVM to benefit from assembly-level optimizations


